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Systematic Breakdown of Amontons’ Law of Friction for an Elastic Object Locally
Obeying Amontons’ Law
Michio Otsuki* and Hiroshi Matsukawa
Department of Physics and Mathematics, Aoyama Gakuin University, 5-10-1 Fuchinobe, Sagamihara 252-5258, Japan
In many sliding systems consisting of solid object on a solid substrate under dry condition, the
friction force does not depend on the apparent contact area and is proportional to the loading force.
This behaviour is called Amontons’ law and indicates that the friction coefficient, or the ratio of
the friction force to the loading force, is constant. Here, however, using numerical and analytical
methods, we show that Amontons’ law breaks down systematically under certain conditions for
an elastic object experiencing a friction force that locally obeys Amontons’ law. The macroscopic
static friction coefficient, which corresponds to the onset of bulk sliding of the object, decreases as
pressure or system length increases. This decrease results from precursor slips before the onset of
bulk sliding, and is consistent with the results of certain previous experiments. The mechanisms for
these behaviours are clarified. These results will provide new insight into controlling friction.
Correspondence and requests for materials should be addressed to
M.O.(otsuki@phys.aoyama.ac.jp)
When we apply a shear force to a solid object on a
solid substrate to start a sliding motion, the shear force
must be greater than the maximum static friction force.
When the object is sliding, the kinetic friction force ap-
plies. Friction plays an important role in various phe-
nomena ranging from those at the nanometre scale to
earthquakes; the phenomenon of friction has been investi-
gated since ancient times1–5. From the engineering point
of view, friction is required to be small in certain cases
and large in other cases. The control of friction is one of
the key factors towards achieving improvements in green
technology and nanotechnology. In the 15th century da
Vinci discovered that the friction force is proportional to
the applied loading force and is independent of the ap-
parent contact area between two solid surfaces1–5. This
behaviour of friction was rediscovered by Amontons ap-
proximately 200 years later; this law is now called Amon-
tons’ law of friction and holds for various systems at first
approximation1–5. The ratio of the friction force to the
loading force is called the friction coefficient, and accord-
ing to Amontons’ law, this coefficient does not depend
on the loading force or the apparent contact area. The
mechanism of friction was explained in the mid-twentieth
century by Bowden and Tabor1. For actual solid surfaces
in contact with each other, because of surface roughness,
only a tiny fraction of the surfaces form junctions, the
so-called real contact points. Amontons’ law is explained
as resulting from the increase in the total area of real
contact points, that is, the real contact area, in propor-
tion to the loading force and the constant binding energy
per unit real contact area1–7. However, the mechanism
and the validity of Amontons’ law are still discussed ac-
tively2–13.
Another interesting problem concerning sliding fric-
tion is the question of how a macroscopic object be-
gins to slide. Usually, it is considered that a shear force
smaller than the maximum static friction force does not
induce any slip motions. However, recent measurements
of the instantaneous local real contact area density of
poly-(methyl methacrylate) (PMMA) show that precur-
sors appear as local slips at the interface under shear
forces well below the maximum static friction force, and
this force corresponds to the onset of bulk sliding14–17.
If the shear force is applied slowly from the trailing edge
of the sample, a discrete propagation sequence for the
local slip appears15. Each front of the slip starts from
the trailing edge and stops after propagating a certain
length greater than that of the previous front. When
the slip front reaches the leading edge, bulk sliding oc-
curs. Similar behaviour is observed in numerical studies
based on 1D17–20 and 2D21 spring-block models. The
variation in the front velocity and the front velocity’s de-
pendence on the stress distribution have been observed
in experiments14,16 and have been examined using nu-
merical approaches18,21,22. A slow precursor with a finite
front velocity has been investigated with a 1D contin-
uum model23,24. The precursor dynamics are expected
to relate to the inhomogeneity of the system and are ex-
pected to be important to the understanding of friction.
In fact, ref. 9 reported that the macroscopic static fric-
tion coefficient µM, which corresponds to the maximum
static friction force, varies with the experimental loading
configuration, and this variation is related to the precur-
sor dynamics. Similar behaviour for the maximum static
friction force has also been investigated with a 1D spring-
block model25. Despite these studies, however, the mech-
anism of the precursor and its relation to the maximum
static friction force have not been clarified theoretically.
In this study, using both numerical and analytical
methods, we investigate the precursor dynamics and the
relation of these dynamics to the macroscopic static fric-
tion coefficient µM of an elastic object in contact with a
rigid substrate, and we show that µM decreases as pres-
sure or system length increases. This behaviour indi-
2cates the systematic breakdown of Amontons’ law. In
the present system, the elastic object is subject to vis-
cous damping and a friction force that obeys Amontons’
law locally; however, the law breaks down for the overall
system. The breakdown of the law results from a quasi-
static precursor appearing in the propagation of local
slips before the onset of bulk sliding and from the tran-
sition of the quasi-static precursor to a dynamic precur-
sor at a certain critical precursor length. For sufficiently
large or small pressures or system lengths, µM becomes
nearly constant and Amontons’ law approximately holds.
The relation of µM to the critical precursor length and
the mechanism of the breakdown are clarified analytically
with a 1D effective model. These behaviours arise from
the distribution of pressure on the bottom of the object,
which results from the torque induced by the shear force,
and from the competition between the viscous damping
and the velocity-weakening friction. Consequently, the
behaviours do not depend on the details of the system. It
is known that Amontons’ law does not apply under some
conditions, such as in the presence of strong adhesion, in
the absence of multiple real contact points, with nonlin-
ear dependence of the real contact area on the applied
load, with surface detachment, with a change in surface
conditions, and for gels2–4,6,10,11. However, the mecha-
nism of the breakdown of Amontons’ law discussed in
this paper is different from those known previously. In
addition, a theoretical prediction of the behaviour of the
friction coefficient is given for the first time. These re-
sults will provide new approaches to control friction.
Results
Finite element method (FEM) calculation. We
first analyse the friction behaviour for an elastic block
with length L, width W , and height H along the x-
, y-, and z-axes, respectively, on a rigid substrate (see
Fig. 1(a)) using a 2D finite element method (FEM). We
assume that the block has viscous damping proportional
to the strain rate and has friction stress proportional to
the pressure at the interface; that is, the local friction
force obeys Amontons’ law. Note that the resolution of
the models employed in this work is larger than the mean
distance between the real contact points between the two
surfaces and smaller than the length scale of the varia-
tion of the stresses discussed below. The validity of the
law on this length scale for PMMA is supported by the
proportionality of the real contact area to the loading
pressure7, with the assumption of a constant binding en-
ergy per unit real contact area, and the law’s validity
is consistent with the friction experiments in which the
size of the apparent contact area is on the order of 1mm2
in a multiple real contact point configuration6. The lo-
cal friction coefficient µ (u˙x) is given by the local static
friction coefficient µS when the local slip velocity u˙x is
equal to zero, and it decreases linearly from µS to the lo-
cal kinetic friction coefficient µK with increasing u˙x until
the local friction coefficient finally equals µK at veloc-
ities greater than characteristic velocity vc. The plane
stress condition is assumed along the y-axis. We apply
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FIG. 1. (a) An elastic object under uniform pressure Pext =
FN/(LW ) on a rigid substrate is pushed at height h by a rigid
rod with shear force FT. (b) The ratio F˜T/F˜N as a function of
U˜ ≡ V˜ t˜. The horizontal line indicates the value of µM. The
inset shows an enlarged view of the box indicated by the red
outlines. (c) The local slip region is shown in red in the U˜ -x˜
plane. The horizontal line indicates the critical length of the
quasi-static precursor ℓ˜c. (d) The normalised instantaneous
local density of the real contact area in the region of the box
indicated by blue outlines in (c). The thin line indicates the
position of the precursor front. The results are obtained for
L˜ = 1.0, P˜ext = 0.003 and parameter set (A).
a uniform pressure Pext = FN/(LW ) to the top surface,
where FN denotes the loading force. The shear force FT
is applied from the trailing edge at height h by means of
a rigid rod with a width of 0.1H . The rod moves with
a constant velocity V that is sufficiently slow. We set
W = 1 and h = H/2. The results shown here do not
depend on the details of the system parameters. How-
ever, for the quantitative calculations, we employ two
parameter sets; parameter set (A) simulates a model vis-
coelastic material, and (B) simulates PMMA. Hereafter,
we employ quantities normalised by the mass density,
Young’s modulus, and viscosity, and these quantities are
expressed with a tilde. The following results are obtained
for d ≡ H˜/L˜ = 0.5. (See Methods for more details re-
garding the FEM calculation, the velocity dependence of
the local friction coefficient, and the parameters.)
Figure 1(b) shows the ratio F˜T/F˜N as a function of the
displacement of the rod U˜ ≡ V˜ t˜, where t˜ denotes time.
The ratio repeatedly shows a nearly linear increase and
a periodic large drop after the first drop. In this work,
we focus on the periodic regime. The periodic behaviour
corresponds to a periodic stick-slip motion. The large
drop is caused by a large slip accompanied by bulk slid-
ing. The value of F˜T at the peak of the F˜T/F˜N curve is
the maximum static friction force. The inset shows an
enlarged view of the box indicated by the red outline. A
sequence of small drops in F˜T/F˜N is clearly observed be-
fore the onset of bulk sliding at U˜ ≃ 0.0047. As discussed
below, each small drop is accompanied by a rapid local
slip. This behaviour has previously been observed in cer-
tain experiments15 and numerical studies17–21. Figure
1(c) shows the local slip region, where the slip velocity
3at the interface has a finite value, in the U˜ -x˜ plane. Here,
x˜ denotes the position at the bottom of the object. At
values well below the maximum static friction force, the
shear force F˜T induces a slow precursor slip from the
trailing edge, and this precursor slip is called the quasi-
static precursor. The velocities of the local slip and the
front of this precursor are proportional to the driving
velocity, and they are vanishingly small. The precursor
length ℓ˜ increases with increasing U˜ . When ℓ˜ reaches a
critical length ℓ˜c, the quasi-static precursor becomes un-
stable and transforms to a leading rapid precursor with
large slip and front velocities. The leading rapid pre-
cursor nucleates near the trailing edge. The front of the
leading rapid precursor begins with a velocity close to
that of sound and in a manner similar to the supershear
rupture observed in experiments9,16. Subsequently, the
front velocity reduces and approaches the Rayleigh wave
velocity. When the front enters the leading edge, bulk
sliding occurs, and FT shows a large drop in value.
Figure 1(d) shows the normalised instantaneous local
density of the real contact area in the region of the box
indicated in (c). The local density is calculated from the
local slip velocity and decreases with increasing velocity.
(See Methods for this calculation.) Before the onset of
bulk sliding at U˜ ≃ 0.0047, a discrete sequence of rapid
precursors, similar to that observed in experiments15, ap-
pears at U˜ ≃ 0.0045, and this set of precursors causes
the sequence of small drops in F˜T/F˜N observed in the
inset of (b). This type of precursor is called the bounded
rapid precursor. Each precursor nucleates in the region
x˜ ≤ ℓ˜ with a front velocity that is close to the velocity
of sound and is independent of the driving velocity and
nucleates in a manner similar to the leading rapid precur-
sor. Subsequently, the front decelerates and stops after
propagating a certain length. The propagation length of
the precursor front increases with U˜ . This increase is also
observed in experiments15. The local slip velocity of this
precursor is considerably larger than that of the quasi-
static precursor shown in (c); however, this slip velocity
decreases with decreasing driving velocity in contrast to
the behaviour of the slip velocity for the leading rapid
precursor. The quasi-static precursor observed in (c) al-
most disappears for the real contact area density shown
in (d) because of its vanishingly small slip velocity. The
disappearance of the quasi-static precursor is also consis-
tent with the results of certain experiments15.
We define the macroscopic static friction coefficient µM
to be the peak value of F˜T/F˜N in Fig. 1(b). The pres-
sure (P˜ext) dependence of µM is shown for various values
of the system length L˜ in Figs. 2(a) and 2(b) for pa-
rameter sets (A) and (B), respectively. Clear decreases
in µM are observed with increasing P˜ext or L˜ values. It
can be shown that µM also depends on the apparent con-
tact area. These behaviours indicate the breakdown of
Amontons’ law and the extensive property of the friction
force. This pressure dependence is consistent with the
results of experiments conducted with PMMA8,9. The
magnitudes of the normalised parameters, P˜ext and L˜,
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FIG. 2. Macroscopic static friction coefficient µM as a func-
tion of P˜ext for parameter sets (A) (a) and (B) (b). The
lines with symbols indicate the results of the FEM calcula-
tion. Thin lines indicate analytical results based on the 1D
effective model, where we set α = 0.2. Lines of the same
colour correspond to the same value of L˜.
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FIG. 3. (a) Macroscopic static friction coefficient µM as a
function of ℓ˜c/L˜ for various values of P˜ext and L˜. The open
symbols indicate results for the parameter set (A) with L˜ =
0.25 (), 1.0 (◦), and 4.0 (△) and the filled symbols indicate
those for (B) with L˜ = 0.02 (), 0.04 (•), and 0.08 (N). The
lines show the theoretical result as obtained with equation (2).
The inset shows the P˜ext dependence of ℓ˜c/L˜ for parameter set
(A). (b) The normalised pressure p˜(x˜)/P˜ext and (c) the ratio
of the shear stress to the pressure τ˜(x˜)/p˜(x˜) at the interface
for the magnitudes of U˜ indicated by arrows in Figs. 1(b) and
1(c). The arrows in (c) indicate the positions of the precursor
front. The three horizontal lines indicate µS, µM, and µK in
order from the top of the panel. The parameters are the same
as those for Figs. 1(b-d).
depend on the mass density, Young’s modulus, and the
viscosity coefficient. Therefore, in contrast to the general
belief that the friction coefficient depends mainly on the
surface properties, µM also depends on these bulk ma-
terial parameters, as noted in ref. 25. The variation in
µM results from the formation of the precursors before
the onset of bulk sliding. Figure 3(a) shows that µM is
scaled by the critical length of the quasi-static precursor
normalised by the system length, ℓ˜c/L˜, for each param-
eter set. The dependence of ℓ˜c/L˜ on P˜ext, shown in the
inset, with this scaling of µM on ℓ˜c/L˜ indicates the P˜ext
dependence of µM.
Figure 3(b) shows the pressure at the interface p˜(x˜)
for the magnitudes of U˜ indicated by arrows in Figs. 1(b,
c). The applied pressure at the top surface is uniform;
however, p˜(x˜) is not uniform and increases with x˜. Simi-
4lar pressure distributions are observed in experiments9,16
and result from the torque induced by the shear force
F˜T
19. The low pressure causes the local maximum static
friction force to be small. As a result, the quasi-static
precursor starts from the trailing edge at x˜ = 0. Fig-
ure 3(c) shows the ratio of the shear stress at the in-
terface τ˜ (x˜) to the pressure, τ˜(x˜)/p˜(x˜). Immediately af-
ter bulk sliding stops, this ratio approximately equals
the value of µK (dashed line) for the entire interface be-
cause of the large local slip velocity accompanied by the
bulk sliding and the finite relaxation time of the local
stress. The magnitude of τ˜ (x˜) is equal to the local fric-
tion stress µKp˜(x˜) at the instant of the vanishing accel-
eration of the rapid local slip, and this magnitude has
almost no change during the deceleration and after stop-
page because of the finite relaxation time. However, in
the region of length ℓ˜ where the quasi-static precursor
front has passed, τ˜(x˜)/p˜(x˜) equals µS (straight line) be-
cause τ˜ (x˜) is given by the local friction stress for vanish-
ing velocity µSp˜(x˜). When ℓ˜ reaches the critical length
ℓ˜c, the quasi-static precursor transforms to the leading
rapid precursor. Subsequently, the front of this rapid
precursor enters the leading edge of the system quickly
and bulk sliding occurs. The stress distribution has al-
most no change during the propagation of this front be-
cause of the short duration of the propagation. As a
result, µM is determined by ℓ˜c, and this relation is shown
analytically below. Note that the stress relaxes slightly
after the appearance of each of the bounded rapid pre-
cursors, and the stress recovers its original value quickly
through the following quasi-static precursor, as shown in
Fig. 1(d). Figure 3(c) also shows that τ˜(x˜)/p˜(x˜) can be
larger than the macroscopic static friction coefficient µM
without precipitating any local slip, as was observed in
experiments9,16.
Analysis based on a 1D effective model. To anal-
yse the abovementioned numerical results, we employ a
1D effective model in which the degrees of freedom of
the elastic object along the z-axis are neglected. The
equation of motion of the model is expressed by
∂2u˜(x˜, t˜)
∂t˜2
=
∂σ˜xx(x˜, t˜)
∂x˜
+
σ˜xz(x˜, t˜)− µ( ˙˜u)p˜(x˜)
αH˜
. (1)
Here, u˜(x˜, t˜) denotes the displacement along the x-axis
at the interface, µ( ˙˜u)p˜(x˜) is the friction stress, and αH˜
denotes the characteristic length of the variation in the
(xz) component of the stress. We employ α as a fitting
parameter. The normal and the shear stresses are re-
spectively given by σ˜xx = E˜1∂u˜/∂x˜ + η˜t∂
2u˜/∂x˜∂t˜, and
σ˜xz = E˜2(U˜ − u˜)/h˜+ (V˜ − ∂u˜/∂t˜)/2h˜, where η˜t denotes
the effective viscosity and E˜1 and E˜2 represent effective
elastic constants (see Methods for these parameters and
the boundary condition.) We assume that the pressure
at the interface is given by p˜(x˜) = 2P˜extx˜/L˜, which simu-
lates the FEM result shown in Fig. 3(b). Hereafter, we set
the origin of U˜ to be the position of the pushing rod just
after bulk sliding stops. The adiabatic solution of equa-
tion (1) with a precursor of length ℓ˜ is obtained analyti-
cally, and the solution gives ℓ˜ ≃ E˜2L˜U˜/{(µS−µK)h˜P˜ext}
for ℓ˜/L˜ ≪ 1 (see Supplementary Information). Hence, ℓ˜
increases adiabatically with an adiabatic increase in U˜ .
This adiabatic increase in length indicates the precur-
sor is quasi-static. A similar relation between the pre-
cursor length and the shear force is obtained with a 1D
spring-block model; however, in this case the precursor
is not adiabatic20. When ℓ˜ reaches a critical length ℓ˜c,
the quasi-static precursor becomes unstable and trans-
forms to the leading rapid precursor. The leading rapid
precursor leads to bulk sliding. Substituting the adia-
batic equation and the relation between U˜ and ℓ˜ into
the expression for the shear force F˜T =
∫ L˜
0
dx˜σ˜xz(x˜) and
setting ℓ˜ = ℓ˜c, we obtain
µM = µK + (µS − µK)ℓ˜c/L˜ (2)
for ℓ˜c/L˜≪ 1. As shown in Fig. 3(a), this relation agrees
well with the FEM calculation, even for ℓ˜c/L˜ . 1.
The critical length ℓ˜c is obtained by a linear stability
analysis of equation (1) in the limit of vanishing V˜ (see
Supplementary Information). The analysis provides the
equation for the n-th eigenvalue ω˜n of the time evolution
operator for the fluctuation by
ω˜2nL˜
2 +

η˜tk˜2n
(
ℓ˜
L˜
)
−2
+
1
2
(
r˜
L˜
)
−2

 ω˜n
+ E˜1

k˜2n
(
ℓ˜
L˜
)
−2
+
1
κ2
(
r˜
L˜
)
−2


− (µS − µK)
v˜cαd
(
1− 1
k˜2n
)
P˜extL˜
(
ℓ˜
L˜
)
ω˜n = 0, (3)
where κ2 ≡ E˜1/E˜2, r˜2 ≡ αh˜H˜, and k˜n ≡ (n + 1/2)π.
Here, the off-diagonal terms, which are of a higher order
in ℓ˜, are neglected.
The eigenvalue ω˜n gives the instability condition of the
adiabatic solution. The instability results from the ap-
pearance of a positive real part for any eigenvalue. For
small values of ℓ˜/L˜, the viscosity expressed by the sec-
ond term in equation (3) stabilises the adiabatic motion.
However, the velocity-weakening friction force expressed
by the last term leads to instability in motion for large
ℓ˜/L˜. In the present case, the oscillating fluctuation cor-
responding to a complex ω˜n with a positive real part
never grows, because the backward motion of the oscil-
lation relaxes the local shear stress, and this motion is
inhibited by the friction stress. Instead, this oscillating
fluctuation yields the bounded rapid precursors observed
in Fig. 1(d). The appearance of the positive real part of
ω˜0 at ℓ˜ = ℓ˜sc, where ℓ˜sc denotes the subcritical length,
yields the first bounded rapid precursor, and the appear-
ance of ω˜n with n ≥ 1 is considered to yield each of
the subsequent precursors appearing at ℓ˜ > ℓ˜sc. Further
5increase in ℓ˜ causes ω˜0 to become real and positive at
ℓ˜c > ℓ˜sc; a positive, real ω˜0 results in the growing insta-
bility and causes the leading rapid precursor and the sub-
sequent bulk sliding. The relation between ℓ˜c and P˜ext is
given by the instability condition, ω˜0 > 0. As mentioned
above, the instability is caused by the competition be-
tween the viscosity and the velocity-weakening friction
force, which are expressed by the second and last terms
in equation (3), respectively. Hence, ℓ˜c/L˜ decreases as
P˜ext or L˜ increases because the last term is enhanced by
P˜extL˜; for ℓ˜c/L˜ ≪ 1, ℓ˜c/L˜ ∝ (L˜P˜ext)−1/3 as is easily
seen from equation (3) (also see Supplementary Informa-
tion). This result is consistent with that of the FEM
calculation shown in the inset of Fig. 3(a). By inserting
ℓ˜c(P˜ext, L˜), which is given by the abovementioned rela-
tion, into equation (2), we obtain the pressure and system
length dependence of µM, and µM decreases with increas-
ing P˜ext or L˜. The results are shown in Figs. 2(a,b). The
analytical results agree with the FEM calculation semi-
quantitatively for parameter set (A) and qualitatively for
parameter set (B). The deviation of the analytical results
from the FEM calculation may arise from the absence of
internal degrees of freedom along the z-axis in the 1D
effective model given by equation (1).
Discussion
In this work we observed three types of precursors prior
to the occurrence of bulk sliding: the quasi-static pre-
cursor and the bounded and the leading rapid precur-
sors. The latter two are seen to correspond to those ob-
served in experiments9,14–17. The quasi-static precursor
is also observed in numerical studies23, but not in experi-
ments9,14–17, because it vanishes away in the local density
of the real contact area measured in experiments, as pre-
viously discussed. Some numerical studies17,19–21 do not
report this precursor. The lack of this precursor is be-
cause local friction coefficient discontinuously decreases
as velocity increases in these studies. This discontinu-
ous decrease in the local friction coefficient corresponds
to a vanishing vc and a subsequently vanishing stable re-
gion for the quasi-static precursor. In ref. 22, a model
similar to the present FEM model is employed; how-
ever, the value of the viscosity coefficient corresponds to
ℓ˜c/L˜ ∼ 0. This result is also consistent with the absence
of the quasi-static precursor.
In ref. 9, it was reported that µM varies with a certain
acceleration length of the leading rapid precursor. The
acceleration length is difficult to define in the present
work, and this difficulty may result from a loading con-
figuration different from that of the experiment. The
relation of µM with the acceleration length will be stud-
ied in future work. However, the measured values of µM
in ref. 9 show a tendency to decrease with an increase in
the loading force and depend on the stress distribution in
the system. These behaviours are consistent with those
observed in the present work.
Earthquakes are among the largest friction phenom-
ena on the earth. Many large earthquakes are preceded
by foreshocks. In the 2011 Tohoku-Oki earthquake with
magnitude 9, the propagation of slow slip preceding the
main shock was observed over approximately 1 month26.
The behaviour is similar to the propagation of the pre-
cursor front observed in this work. The present results
will provide new insights into earthquake behaviour.
In conclusion, using both numerical and analytical
methods, we show that the macroscopic static friction
coefficient µM of an elastic object decreases with increas-
ing pressure or system length. The magnitude of µM
also depends on the apparent contact area and the bulk
material parameters. These behaviours indicate the sys-
tematic breakdown of Amontons’ law. The elastic object
is subject to viscous damping and a friction force that
obeys Amontons’ law locally; however, the law undergoes
breakdown as a whole. The behaviour of µM is consistent
with the results of relevant experiments8,9, and it arises
from the occurrence of precursor slips before bulk sliding
and from the transition from quasi-static to rapid motion
of the precursors. The linear stability analysis based on
a 1D effective model gives the relation between µM and
the critical length of the transition, and it clarifies the
mechanism of the transition. The transition is caused
by the pressure distribution at the bottom of the object,
which results from the torque induced by the shear force,
and by the competition between the viscous damping and
the velocity-weakening friction. If the ratio of the criti-
cal length of the transition to the system length is con-
siderably less than or approximately equal to unity, µM
becomes almost constant and Amontons’ law holds ap-
proximately. These situations are caused by sufficiently
large or small values of pressure or system length. The
qualitative features of these results do not depend on
the details of the model for the case in which the pres-
sure at the bottom of the object increases monotonically
along the driving direction, the local friction coefficient
decreases with velocity continuously, and the system has
viscous damping. According to these results, an object
with greater width or an object in which the part con-
tacting with the interface is divided into shorter portions
along the driving direction can have a larger maximum
static friction force under a constant loading force. The
present results will provide new techniques for controlling
friction.
METHODS
FEM calculation. The equation of motion of the dis-
placement vector of the elastic object u(r, t) employed
in the FEM calculation is expressed as ρ∂2u(r, t)/∂t2 =
∇ · σ, where ρ is the mass density. The stress tensor
σ is composed of an elastic part σ(el) and a dissipa-
tive part. The dissipative component is expressed as
σ
(dis)
αβ = η1ǫ˙αβ + η2(ǫ˙xx + ǫ˙zz)δαβ . Here ǫ˙αβ denotes a
component of the strain rate tensor, and η1,2 denote the
viscosity coefficients27. The boundary condition is given
by σzz = −Pext and σxz = 0 at the top surface, and
σxx = 0 and σzx = 0 at x = 0 and L except for the
portion in contact with the rigid rod.
In the FEM calculation, the object is divided into
equal-sized rectangular cells. The number of cells is
640×40 or 80×80. The convergence of the results with re-
spect to the FEM mesh size is verified. At the beginning
of the FEM simulation, we apply a uniform pressure to
the top surface causing the elastic object to relax. Sub-
sequently, we start pushing the object at t˜ = 0. The
results shown in the paper are obtained for V˜ = 10−5.
This value of V˜ corresponds to the adiabatic limit ex-
cept for the results shown in the inset of Fig. 1 (b) and
in Fig. 1 (d).
Velocity dependence of the local friction co-
efficient and the real contact area density. The
velocity dependence of the local friction coefficient em-
ployed in this work is obtained from the rate- and state-
dependent friction law, µ = µK + (µS − µK)φ with φ˙ =
(1−φ)/τ−|u˙x|/D, as discussed in ref. 4. Here, 0 ≤ φ ≤ 1
represents the state variable and τ and D denote the re-
laxation time and length, respectively. The above equa-
tion yields µ(u˙x), as noted in the text for vc = D/τ , in
the limit of vanishing τ , where φ = 1−|u˙x|/vc. The mag-
nitude of φ is proportional to the deviation of the local
density of the real contact area from that for |u˙x| ≥ vc.
Thus, we obtain the normalised instantaneous local den-
sity of the real contact area shown in Fig. 1(d).
Parameters. We introduce the normalised quantities
in which the length, mass and time are normalised by
L0 ≡ η1/
√
ρE, m0 ≡ η31/
√
ρE3 and t0 ≡ η1/E, respec-
tively, where E represents Young’s modulus. In this pa-
per, the normalised quantities are expressed with a tilde.
We employ two parameter sets: parameter set (A) sim-
ulates a model viscoelastic material, which has Poisson’s
ratio ν = 0.34, µS = 0.38, µK = 0.1, v˜c = 3.4 × 10−4,
and η˜2 = 1; and (B) simulates PMMA, which has
ν = 0.4, µS = 1.2, µK = 0.2, v˜c = 3.9× 10−7, and η˜2 = 1.
The present FEM calculation shows that µS and µK cor-
respond to the maximum and minimum values of the
ratio of the local shear stress to the pressure, respec-
tively. Hence we estimate µS and µK for PMMA from
the maximum value of the ratio in Fig. 4(c) and the min-
imum value of the ratio in Fig. 4(b) in ref. 9, respectively.
The value of vc is estimated from the values of µS, µK
and the linear fit of the steady-state velocity dependence
of the rate- and state-dependent friction law reported
in ref. 5. The value of L0 for PMMA is estimated as
follows. In ref. 9, µM = 0.6 for L = 0.2 m, d = 0.5,
and Pext = 1.67 × 106 Pa. The FEM calculation yields
µM = 0.6 for P˜extL˜ = 2.3 × 10−6. Consequently, we
obtain L0 = 48 m. These values of the parameters for
PMMA have some uncertainties. However, the essen-
tial feature of the results obtained here is, as mentioned
before, not specific to these values. The local validity
of Amontons’ law for PMMA may require some discus-
sions. Even if Amontons’ law breaks down locally, the be-
haviour of the precursor dynamics and the static friction
force discussed here will be still qualitatively valid be-
cause their mechanism is general. For metals, Amontons’
law is expected to better hold locally and the present
qualitative results will also be applicable.
1D effective model. In the 1D effective model, the
effective viscosity is given by η˜t ≡ 1 + η˜2 and the two
elastic constants are given by E˜1 ≡ 1/{(1 + ν)(1 − ν)}
and E˜2 ≡ 1/{2(1+ ν)}. The boundary condition is given
by ∂u˜(x˜, t˜)/∂x˜ = 0 at x˜ = 0 and L˜.
1 Bowden, F. P., & Tabor, D. The Friction and Lubrication
of Solids, (Oxford University Press, New York, 1950).
2 Rabinowicz, E. Friction and Wear of Materials, 2nd ed.
(John Wiley & Sons, New York, 1995).
3 Persson, B. N. J. Sliding Friction -Physical Principles and
Applications-, 2nd ed. (Springer, Berlin, 2000).
4 Popov, V. L. Contact Mechanics and Friction -Physical
Principles and Applications-, (Springer, Berlin, 2010).
5 Baumberger,T. & Caroli, C. Solid friction from stick-slip
down to pinning and aging. Adv. in Phys. 55, 279-348
(2006).
6 Archard, J.F. Elastic deformation and the laws of friction.
Porc. Roy. Soc. Lond. A 243, 190 (1957).
7 Diertich, J. H. & Kilgore, B. D. Imaging surface contacts:
Power law contact distributions and contact stresses in
quartz, calcite, glass and acrylic plastic. Tectonophys. 256,
219-239 (1996).
8 Bouissou, S., Petit, J. & Barquins, M. Normal load, slip
rate and roughness influence on the polymethylmethacry-
late dynamics of sliding 1. Stable sliding to stick-slip tran-
sition. Wear 214, 156-164 (1998).
9 Ben-David, O. & Fineberg, J. Static friction coefficient
is not a material constant. Phys. Rev. Lett. 106, 254301
(2011).
10 Communou, M., & Dundrus, J. Can two solids slide with-
out slipping? Int. J. Solids Structures 14, 251 (1978).
11 Gong, J. P. Friction and lubrication of hydrogels - its rich-
ness and complexity. Soft Matter 2, 544 (2006).
12 Gao, J., Luedtke, W., Gourdon, D., Ruths, M., Is-
raelachvili, J., & Landman, U. Frictional forces and Amon-
tons’ law: from the molecular to the macroscopic scale. J.
Phys. Chem. B 108, 3410 (2004).
13 Mu¨ser, M., Wenning, L., & Robbins, M. Simple micro-
scopic theory of Amontons’ laws for static friction. Phys.
Rev. Lett. 86 1295 (2001).
14 Rubinstein, S. M., Cohen, G. & Fineberg, J. Detachment
fronts and the onset of dynamic friction. Nature 430, 1005-
1009 (2004).
15 Rubinstein, S. M., Cohen, G. & Fineberg, J. Dynamics of
precursors to frictional sliding. Phys. Rev. Lett. 98, 226103
(2007).
16 Ben-David, O., Cohen, G. & Fineberg, J. The dynamics of
the onset of frictional slip. Science 330, 211-214 (2010).
17 Maegawa, S., Suzuki, A. & Nakano, K. Precursors of global
slip in a longitudinal line contact under non-uniform nor-
mal loading. Tribol. Lett. 38, 313-323 (2010).
18 Braun, O. M., Barel, I. & Urbakh, M. Dynamics of tran-
sition from static to kinetic friction. Phys. Rev. Lett. 103,
7194301 (2009).
19 Scheibert J. & Dysthe, D. K. Role of friction-induced
torque in stick-slip motion. Europhys. Lett. 92, 54001
(2010).
20 Amundsen, D. S., Scheibert, J., Thøgersen, K., Trømborg,
J., & Malthe-Sørenssen, A. 1D model of precursors to
frictional stick-slip motion allowing for robust comparison
with experiments. Tribol. Lett. 45, 357 (2012).
21 Trømborg, J., Scheibert, J., Amundsen, D. S., Thøgersen,
K. &Malthe-Sørenssen, A. Transition from static to kinetic
friction: insights from a 2D model. Phys. Rev. Lett. 107,
074301 (2011)
22 Kammer, D. S., Yastrebov, V. A., Spijker P. &Molinari, J.-
F. On the propagation of slip fronts at frictional interfaces.
Tribol. Lett. 48, 27 (2012).
23 Bouchbinder, E., Brener, E. A., Barel, I. & Urbakh, M.
Slow cracklike dynamics at the onset of frictional sliding.
Phys. Rev. Lett. 107, 235501 (2011).
24 Bar Sinai, Y., Brener, E. A., & Bouchbinder, E. Slow rup-
ture of frictional interfaces. Geophys. Res. Lett. 39, L03308
(2012).
25 Capozza, R. & Urbakh, M. Static friction and the dynam-
ics of interfacial rupture. Phys. Rev. B 86, 085430 (2012).
26 Kato, A., Obara, K., Igarashi, T., Tsuruoka, H., Naka-
gawa, S., & Hirata, N. Propagation of Slow Slip Leading
Up to the 2011 Mw 9.0 Tohoku-Oki Earthquake. Science
335, 705 (2012).
27 Landau, L. D. & Lifshitz, E.M. Theory of Elasticity, 3rd
ed. (Butterworth-Heinemann, Oxford, 1986).
ACKNOWLEDGMENTS
The authors thank J. Fineberg, S. Maegawa, K.
Nakano, M. O. Robbins, K. M. Salerno, A. Taloni and T.
Yamaguchi for valuable discussions. This work was sup-
ported by KAKENHI (22540398) and (22740260) and by
HAITEKU from MEXT.
Author Contributions
M.O. performed the FEM calculations. All the authors
contributed to the analysis and writing of the manuscript.
Additional Information
Supplementary Information accompanies this pa-
per at http://www.nature.com/ scientificreports
Competing financial interests: The authors de-
clare no competing financial interests.
8Systematic Breakdown of Amontons’
Law of Friction in Elastic Object
Subject to Amontons’ Law Locally
Michio Otsuki and Hiroshi Matsukawa
Department of Physics and Mathematics, Aoyama
Gakuin University, 5-10-1 Fuchinobe, Sagamihara
252-5258, Japan
Supplementary Information
Supplementary Notes
Here we provide the explicit forms of the adiabatic
solutions of equation (1), and the relation between ℓ˜c
and P˜ext discussed in the text. We also discuss the linear
stability analysis in greater detail.
The adiabatic solution of equation (1) for U˜ = 0 is
given as
u˜0(x˜) =
2µKh˜P˜ext
E˜2L˜
{ κr˜
sinh L˜κr˜
(
cosh
x˜
κr˜
−cosh L˜− x˜
κr˜
)−x˜},
where we set the local friction coefficient to µK.
For U˜ > 0, the precursor proceeds to ℓ˜. The
adiabatic solution for U˜ > 0, u˜a(x˜), is given by
u˜1(x˜) for 0 ≤ x˜ ≤ ℓ˜ and u˜0(x˜) for ℓ˜ ≤ x˜. In the region
ℓ˜ < x˜, the increase in the shear stress with increasing
U˜ is canceled by the increase in the local friction stress,
which can take a value between µKp˜(x˜) and µSp˜(x˜). The
solution is subsequently given by u˜0(x˜). The solution in
the region 0 ≤ x˜ ≤ ℓ˜, where the local friction coefficient
is equal to µS, is obtained as
u˜1(x˜) = u˜0(x˜) + U˜
(
1− cosh x˜− ℓ˜
κr˜
)
+
2(µS − µK)h˜P˜ext
E˜2L˜
{
ℓ cosh
ℓ˜− x˜
κr˜
− κr˜ sinh ℓ˜− x˜
κr˜
− x˜
}
.
The linear stability of the adiabatic solution of the 1D
effective model is analyzed as follows. Setting u˜(x˜, t˜) =
u˜a(x˜) + δu˜(x˜, t˜), and linearizing equation (1) with re-
spect to the fluctuation δu˜(x˜, t˜), we obtain its time evo-
lution equation. The boundary condition is given by
∂
∂x˜δu˜(x˜, t˜)|x˜=0 = 0 and δu˜(x˜ > ℓ˜, t˜) = 0. We ex-
press δu˜(x˜, t˜) =
∑
m=0 u˜m exp (ωmt˜) cos(kmx˜/ℓ˜), where
k˜m = (m+ 1/2)π, and obtain equation (3).
The relation between ℓ˜c and P˜ext given by the condition
that ω0 becomes real and positive is expressed as
P˜ext =
π2
π2 − 4
v˜cαd
(µS − µK)
1
ℓ˜c
×
{
η˜t
(πL˜
2ℓ˜c
)2
+
1
αd2
+ 2L˜
√
E˜1
(πL˜
2ℓ˜c
)2
+
2E˜2
αd2
}
.
